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A lmr~- -Two different methods are used to. find the stream function for a rotating cylinder containing 
a frictionless fluid. In the first method we use complex variables and give a generalization of the 
well-known results. In the second method we consider suitable distributions of Dirac 6-function or its 
derivatives on lines. Also the first method is applied to solve the problem of a rotating cylinder with the 
fluid external to it. The solutions we obtain are in closed form; not only do we obtain some new solutions 
for certain cylinders but we also recover some of the known solutions in an easy way. 
1. INTRODUCTION 
The importance of the problem of a rotating cylinder containing fluid lies in its wide number of 
application as well as its analogies [1, 2]. One important analogy is the torsion of a cylindrical beam 
under the influence of two opposite couples [3-5]. This problem was solved for several cross sections 
including the ellipse, cardioid, lemniscate of Booth and Limacon. References are to be found in 
Milne-Thomson [1], Lamb [6], Bassali [7], Bassali and Obaid [3], Higgins [8] and Morris [9]. In the 
first method we use complex variables to solve both the interior and exterior problems~ The solution 
we give generalizes the one given in Milne-Thomson [1]. Using this method we can obtain many 
of the known solutions as well as some new solutions corresponding to certain cylinders. In the 
second method we use generalized functions; although this method was used by many authors 
[10, 1 1] to solve different boundary value problems it is used for the first time to solve the problem 
of rotating cylinder containing fluid. Closed and exact expressions are established for the!stream 
functions, complex velocity potentials and energies corresponding to certain cylinders. Several 
figures are sketched showing some of the shapes of the cross sections discussed in this paper. 
2. FUNDAMENTAL EQUATIONS 
We consider a right cylinder with a uniform cross section S bounded by a simple dosed contour 
C in the z-plane (z = x + iy = re t°) which is chosen to coincide with the plane Z = 0 perpendicular 
to the generators of the cylinder. The cylinder is rotating about its axis, the Z-axis with an angular 
velocity 09, and, the fluid is either inside the cylinder or external to it. 
If ~b(r, 0) and ¢(r, 0) are the velocity and stream functions of the irrotational two-dimensional 
motion of an inviscid fluid then these functions are harmonic conjugates and ¢(r, 0) satisfies 
Laplace equation 
V2~k (r, 0)___ ~k. + ~ Sr + 1 7 ¢0o 
$( r ,O)=2r2  on C, 
in S, (1) 
(2) 
for the interior problem. The same conditions are satisfied by ~ in ~ (the complement of S) and 
C for the exterior problem. The complex velocity potential is given by 
w(z)  = dp + id/, (3) 
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where w(z) is analytic in S for the interior problem and W(z) is analytic in ~ for the exterior 
problem. 
Replacing the stream function ¢ by the function ~ which is given by 
~2 =ff  - -~r ,  (4) 
in equations (1) and (2) we obtain 
V2~=-209 in S, (5) 
=0 on C, (6) 
for the interior problem and the same conditions are satisfied by ~b in S for the exterior problem. 
The two functions ~, ~' must satisfy the conditions of finiteness and continuity across the section 
S for the interior problem and across the section ff for the exterior problem. 
In terms of the function ~(r, 0) the relative velocities of the fluid are given by 
dr 1 a~b d0 ~ 
d--t = r ~0' r dt = ~--~' (7) 
and the energy T of the cylinder takes the form 
T=~cwdW* * d-?*- dz , (8) 
where w* is the complex conjugate of w and z* is the complex conjugate of z. 
3. A COMPLEX VARIABLE METHOD 
In this section we give a solution of the boundary value problem (5) and (6) for a certain class 
of closed curves. The solution generalizes that of Morris which is discussed in Milne-Thomson [I] 
and Lamb [6]. 
We assume that the polar equation of the boundary C is given by 
Ref(z)  - (ar 2 cos 2 0 + br 2 sin 2 0 + c) = 0, a + b # 0, (9) 
where Ref(z)  denotes the real part o f f (z ) ,  f ( z )  is analytic inside C for the interior problem and 
f ( z )  is analytic outside C for the exterior problem and a, b, c are arbitrary constants. It is natural 
to assume that ~ takes the form 
~(r, 0) = A [Ref(z) - (ar 2 cos 2 0 + br 2 sin 2 0 + c)]. (10) 
Obviously ~' ffi 0 on C and equation (5) gives A = a~/(a + b). 
Thus we have 
tD 
~F(r, 0) = (a + b) [Ref(z) - (ar 2 cos 2 0 + br 2 sin 2 0 + c)]. (11) 
This implies that the stream function ~ is given by 
(r, 0) = 09 [Ref(z) + l(b -- a)r 2 cos 20 -- c], (12) 
(a + b) 
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and that 
/to 
w(z) = Lf(z) + ½(b - a)z2 - c]. (13) (a + b) 
4. A GENERALIZED FUNCTIONS METHOD 
This method was used by several authors to solve different boundary value problems. Here we 
use this method to solve the problem of rotation of a cylinder containing fluid and equivalently 
the torsion problem. The method is based on taking suitable distribution of Dirac ~-functions or 
its derivatives on a line segment which is usually taken to be the axis of symmetry of the cross 
section. Let us consider Poisson's equation 
V2~(x)= - F(x), (14) 
where ~,(x) is the generalized two-dimensional potential, F(x) is an arbitrary function and 
x = (x, y) is the position vector. If F (x )= ~(x) then ~(x) is given by 
1 
~b(x) : - ~ In Ix l .  (15)  
For a general distribution F(x) of 6-functions over a region S, the corresponding value of ~b (x) 
lfsfF(x')lnlx-x'ldS'. (16) ~b (x )  = - 2--~ 
Let us take the axial distribution along the x-axis which is given by 
F(x) = F(r, O) = g(r)~'(O), cl <~ r <~ c2, (17) 
where g(r) is the strength of the distribution and c~, c2 are constants. Substituting the value of F(x) 
from expressions (17) into (16) and integrating the r.h.s, we deduce 
or  
d/(r, O) = g(r')t$'(O') ln[r 2 + r "2 -- 2rr' cos(0 -- O')]r" dO' dr" 
I 
f~2 12~ 2rr" sin(0 - -  0 ' )  
= JC  1 JO r 'g(r')  rE + r "2 -- 2rr' COS(0 -- 0') 
t$ (0') dO' dr'  
~ ~2 r ,2 g(r') 
~ (r, O) = 2r sin O r2 + r,2 2rr, cos o dr ". 
1 
(18) 
Since 
we have 
~b(r,O)=2r2 on C 
to r2 2r sin 0 fc :2 r "2 g(r') 
= i r2 + r'2 -- 2rr" cos 0 dr'. (19) 
Special cases for g(r) give the forms of the equations of the boundaries that are solved. Equation 
(19) gives the boundary and formula (18) gives the corresponding solution to the boundary value 
problem. 
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5. INTERIOR PROBLEM CORRESPONDING TO F. 
Taking 
f ( z )  = ~ + z 4, 
in equations (9) and (13) we obtain 
a=x/~,  b=x/~,  c=0 
2nd 4 
r 4 = (20) 
(n + 1 -- cos 40)(n - 1 -- cos 40) '  
(21) 
where a is a constant and n is a real number. The condition n > 2 is imposed so that the curves 
F, becomes closed. The graphs of the curves F, are shown in Fig. 1 for the different values of n. 
It is obvious that the curve F, is an approximate circle for large values of n. Substituting the values 
of a, b and c in equation (11), the corresponding function ~'(r, 0) reduces to 
1 [4d4 + r4 cos 40 + (a s + r s + 2a4r 4 cos 40) '/2 - x/~r2]. • '(r, 0) = 
To evaluate the energy we substitute for w(z) from equation (21) into (8) as follows: 
(22) 
~F 3 ]~-Z4 * T= iC02p g* ~/ 4dz  . (23) 
H 
It can be shown that on F. we have 
d + z 4 (n + i sin 40) 2 
~/d-~-z  ;'4 = n 2 + sin 2 40 
(24) 
Fig. I. Cross sections bounded by F.. Fig. 2. Cross sections bounded by F~. 
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After a tedious amount of calculation we arrive at 
T = 4co2pd 4~i ~ cos tk cos ~b) d~b, 
(n - 1 - cos ~)(n + 1 - 
which gives the following closed form for the energy: 
[ n-1 ] 
T = co2pd4rc (n + 2) ~ - 2) x/n (n + 2)1" 
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~b = 40, (25) 
(26) 
6. INTERIOR PROBLEM FOR THE FAMILY F~ 
In this section we consider a generalization of the previous family. If 
f ( z )  = x//-~ + z 4, a = (2 + b = (2 - c = o, 
then equation (9) implies 
(27) 
r4 _-- 2d4(2 +/~ cos 20) 2 (28) 
[(1 + 22 + 2:t2 cos 20 + (it 2 - 2)cos 2 20] 2 - 1" 
The curves (28) are dosed when/z 2 < 2 and 121 > I~1 + 2 or/~2 i> 2 and 121 > 2l/z I. If we set/~ = 0 
and As= n in curve (28) then we obtain the equation of the previous family F~. It is interesting 
to notice that for particular values of 2 and # the curves F~ are similar to the ellipse as shown 
in Fig. 2. 
The complex velocity potential corresponding to F~ is given by 
w(z) = i ,o + z , -  
42 
7. EXTERIOR PROBLEM FOR THE FAMILY Fn 
Using the particular values 
f ( z )=d~+~/z  ~, n>0,  a=b=l ,  c=0 (29) 
in equation (9) yields the equation of the family F~ 
r ~+2=d .+2cosn0, ½>n>0.  (30) 
The condition n < ½ is imposed to force the singularity o f f ( z )  to be inside F~. The graphs of Fn 
are shown in Fig. 3 for different values of n. Substituting the values from equation (29) in equation 
(13) we obtain the velocity potential 
w(z ) = icod~+ 2/2z ~. (31) 
The energy T~ takes the form 
pt.o2na 4 fx 
Tn = 8 J0 [sec(nO)]2~/n+2 dO. 
Table 1 shows the values of the energy for the different values of n. 
(32) 
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Fig. 3. Cross sections bounded by F.. 
Table 1. Values for 7". 
n 0.05 0.I0 0.15 0.20 0.25 0.30 0.35 0.40 0.45 
T. 0.0196 0.039 0.0592 0.0795 0.1006 0.1231 0.1477 0.1761 0.2122 
Taking 
8. EXTERIOR PROBLEM FOR THE FAMILY  Ff f  
f(z)=d"+2/z ", a=ot, b=fl, c=O,  
in equat ion (9) we obtain the equat ion of  F ]  "# 
rn+2 2d n + 2 cos nO 
(a + fl) + (~ - fl) cos 20 
(33) 
(34) 
Fig. 4. Cross sections bounded by Fff. 
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The curves F: '~ are closed for all positive values of ~, fl and contain the singularities o f f ( z )  when 
½ > n > 0. It is obvious that this family of curves contains F, as a subset. A graph of F: 'p for the 
various values of the parameters i shown in Fig. 4. 
The complex velocity potential for F: '~ takes the form 
ico Vd "+ 2 ~(fl ~)z21 
w(z)  = I z - - r -  + - " (35) 
In the following three sections we shall use generalized functions to solve the interior problem 
for few boundaries by distributing the Dirac f-function and its derivatives on the initial line. 
9. INTERIOR PROBLEM FOR THE FAMILY G. 
We first find the stream lines corresponding to the boundaries G. given by 
r2-"=a2-"s in[n(n --0)] 1 >n >0. (36) 
Taking g(r) = Ar u-3, c~ = 0, c2 = ~ in equation (19) yields 
ogr 2 ~oo r ,g -  1 dr '  
-~ -- Ar sin0 J 0  r2 + r '2  - -  2rr" cos 0" 
Using formula (12), p. 297 of Gradshteyn and Ryzhik [12] we obtain 
4r~ A r 3-~ =- -  sin(/z - 1)(n - O)CSC#r~, 2 >/z/> 3/2, 
(.o 
which can be rewritten in the form 
[ r2-"=a2-"sin[n(rr--O)],  l>n~>½, ~>/0/> ~ , (37) 
where aZ-"tn sin nrc 
A = (38) 
4n 
Now we take the same values for g(r), el, e2 in (18) and obtain 
~O(r,O)=½coa2-"r"sin[n(~ -0) ] ,  1 >n ~>½, (39) 
which is the required stream function. 
A special case of equation (37) is the curve 
r 3 = a 3 cos2(0/2), (40) 
which corresponds to the value n = 1/2. The graphs of the curves (37) for the special values n = 0.5, 
n = 0.8 are shown in Figs 5 and 6, respectively. 
The complex velocity potential is given by 
W(Z) = - -  ½(D a 2 -n  e-~. z", 1 > n >I ½. (41) 
Substituting for w(z) from equations (41) into (8) we obtain the integral representation for the 
energy T. 
_pntD2a 4 fn [n d- 2C2n](S) [2n/(2-n)ldO, 
7". = (2 -- n)16 J(.- 1)./. 
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y~ 
Fig. 5. Cross section bounded by G0. 5. 
where 
Fig. 6. Cross section bounded by G0.s. 
Table 2. Values for T. 
n 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 
T N 1.0093 0.6582 0.4136 0.2457 0.1398 0.0751 0.0378 0.0169 0.0065 0.0057 
C~,=cos2n(n -0), S =sinn(n  -0 ) ,  1 >n I>2!. 
The values of Tn are given in Table 2 for certain values of n. 
10. THE C IRCLE  
Here we solve the interior problem for the circle 
r = 2a cos 0, (42) 
by putting a distribution of 6-functions on the whole real line which is the axis of symmetry. Taking 
F(x) = A6'(0)  (43) 
r 
Stream functions of certain rotating cylinders 445 
in equation (19) we have 
co 2 ~® r' dr' 
-~ r = 2At sin 0 r 2 + r '~ ~ 2r--r' cos 0" 
Integrating the r.h.s, of the above equation we obtain 
r = 2a cos 0, 
where 
A = coa/27t. 
Substituting the value of g( r )= coa/21tr in equation (18) with cl = - ~ ,  c2 = oo, we obtain the 
stream function ~ which is 
~b = co ar cos 0. (44) 
The complex velocity potential corresponding to this curve can easily be obtained. 
11. WEBER PROBLEM 
In this case it is more convenient to use Cartesian coordinates. We take the distribution of the 
form 
F(x) = 2 (b 2 .~_ ax )6 "(y) B ((Db 2aTt/2)6 '(x)6 (y) (45) 
in equation (16) and obtain 
°ff 0 (x, y) = - ~- [(/72 + ax')6"(y')  In [(x - x')2 + (y _ y,)2] dx" dy" 
o ff 
+ -~/7 a 6 "(x')6 (y') In [(x - x')2 + (y _ y ,)2] dx'  dy'. 
Using a property of distributions [13] the above equation reduces to 
~b(x ,y ) - -  oo ~ R2 (Y )dy 'dx '+ 4 a-~o R-~ dr ' ,  
CO.O/7 2d [* oo ~oo 2(X -- X t)6 (X t)6 (y  t) . . . .  
j_~, j_~ ~ ax oy ,  
where R2= (x -x ' )2+ (y -y,)2.  Integrating the r.h.s, of the above expression we get 
co/72 f_o dr, co.r  x, cob2°( 
d/ (x ,y )=-~-y  ~(x - -x ' )2+y 2 I - -2 - J _~(x - -x ' )2+y 2dx ' -  2 \ x2+y2]  ' 
or  
cob2 coa coV o f 
~, (x, y) = T + -2- x 2 ~,x 2 + y2/" (46) 
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If ¢, = (<a/2)(x 2 +y2)  on the boundary then equation (46) gives 
r 2 = b 2 + ar  cos 0 - ab ~ cos O/r  
or 
(r 2 -- b2)(r - a cos 0) = 0. (47) 
Thus  equat ion  (46) gives the stream funct ion  for the cross sect ion wh ich  is ins ide the circle 
r = a cos  0 and outside the circle r = b. 
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